List of Cubics with Rational Reots and Rational Turning Points
. (* Indicates cubics without repeated roots)
(I've tried to weed out repetitions manuatly but the eyes go funny after a while so excuse the missed ones!)

*1(x) = (X-9(x+6)(x-2) = x3-5x2-48x+108
(%) = (x-N(2x-3)x+3) = 2x3-15x2-36x+81
*(x) = (x+D(x+5)(2x43) = 233+31x2+132x4135
*(x) = x+9(x-3)(2x+3) = 2x3+15x2-36x-81
*(x) = (2x-90(x-3)(2x-1) = 4x7-32%2+69x-27
(X)) = (2x-NR+3)(2x-1) = 4x3-8x2-51x+27
#(x) = Cx-9(x+6)(x-2) = 2%3-1x2-60x+108
*(x) = (2x-9(2x-1)(x-2) = 4x3-28%2+49%-18
*f(x) = 2x+IN-3W2x+1) = 4x3+8x2-51%-27
*(x) = 2x+9(x+2)(2x+1) = 4x3+28x2+49%x+18
#1(x) = 2x+9)(x+3)(2x+1) = 4x4+32x2+69%427
*(x) = 2x4+9(x+6)(x+2) = 2x3+25x2+96x+108
*(x) = (2x+D(2x+1)(x+3) = 4343232469427
(XY = Cx+DR+H1)(X+2) = 4x3+28x2+49%+18
*(x) = (X-D(x-312x+1) = 2x3-19x24+32x+21
*(x) = GZFN(x43)(2x-1) = 2%3+19%2+32%-21
*(x) = (x-DE+H(2x+1) = 2x3-3x>72x-35
*(x) = (x+N2x+TN2x-1) = 4x3+40x2+7 Tx-49
*&) = G+TH2x49)(x+3) = 2x3+29x24.132x+-189
*(x) = (x-6)(x-3)(x+2) = x3-7x2+36
*f(x) = R+6)(x-2)(x+3) = %3+7x2-36
*(x) = (x-60)(X-2)(2x+3) = 2x3-13x2+36
*f(x) = (x+6)(2x-3)(x+2) = 2x3+-13x2-36
*(x) = (x-5)(x-2Hx+3) = x3-4x2-11x+30
#(x) = (2%-5)X+5)2x+3) = 4x3+16x2-35%-75
*(x) = 2x-TUx-2)(2x+1) = 4x3-2062+1 Tx+14
*Hx) = (2x-TH(x+4(2x41) = 4x3+4x2-55%x-28
*f(x) = 2x+7)(x+2)(2x-1) = 4x3+20x24 17x-14
*x) = (2x+7YXAHO)(x+2) = 2x3+23x21-80x+84
#(x) = (x-3)(x+5){x+2) = x34+4x2-11x-30
) = (2-2)(x+2)(2x-1) = 2x3-x2-8x+4
*H(x) = -2)(x+2)(2x+1) = 2x34x2-8x-4
*(x) = (X-2)(x+3)(3x+1) = 3x3+4x2-17x-6
) = (X-2)(x+33(3x+2) = 3x%+5x2-16x-12
() = (x-2)(2x+3)(3x42) = 6x3+x2-20x-12
*x) = (-2}3x-2)(2x+1) = 6x3-13x2+4
#(x) = (x-2)(3x-1D(3x+2) = 9x3-15%2-8x+4
*(x) = (x-1x-2)(3x+2) = 3x3-Tx244
*(x) = (x-D(x4+3)(2x+1) = 2x3+5x%-4x%-3
*(x) = (x-D(x+3)(2x+3) = 2x3+7x2-9
*#H(x) = (x-D(EHTH(x42) = x5+8x2+5x-14
*) = (x-D2x-1)3x+1) = 6x3-Tx2+1
*Hx) = x-1D2x+1(x+3) = 283+5x2-4x-3
*(x} = x-1DEx+3)(3x4+1) = 6x°+5x2-8x-3
*Hx) = (x+1D(x+2)(3%-2) = 3x3+Tx2-4
H(x) = (x+1D{2x+1)(3x-1) = 6x3+7x2-1
*(x) = (Lt I(XH6)(x-2) = x3+5%2-8x-12
*x) = e DICx+7)(2x-1) = 4x3+16x24+5x-7
*(x) = (et 2Xx+3)(3x+1) = 30 +1624-23x46
*(x) = (x+2)(2%x-1)(3x+2) = 6x3+13x%-4
*(x) = (X+2)02x+3)(3x+2) = 6x3+25%2432x+12
*x) = (x+2)(3x-233x+1) = 9x3+15%2-8x~4
#f(x) = (x+2)(3x+1)(3x-2) = 9x3+15x2-8x-4
() = x4+3)(2x-DG3x+1) = 6x3+1 Tx2-4x-3
(x) = (X+3)(3x-2)(3x-2) = 9x3+15x2-32%x+12
*f(z) =(2x-9)(2x+7)(2x+1) = 8x3-4x2-130x-63
f(x) = (X-2)}{x-2)(x12) = x3-2x%-4x+8
» (X} = (x-20(X-2)(x+3) = x3-x2-8x+12

f(x) = (x-2)(x-2)(2x-1) = 2x3-0x2+12x-4

'(x) = 3x>-10x-48
f(x) = 6x2-30x-36
fi(x) = 6x2+62x+132
I'(x) = 6x2+30x-36
fi(x) = 12x2-64x+6G9
fi(x) = 12x2-16x%-51
f(x) = 6x2-2x-60
f'(x) = 12x>-56x+49
f'{x) = 12x2+16x-51
f'(x) = 12x2+56x449
f{x) = 12x2+64x-+69
fi(x) = 6x*+50x+96
f(x) = 12x2+64x+69
f'(x) = 12x2456x+49
f{x} = 6x2-38x+32
f(x) = 6x2+38x+32
f(x) = 6x°-6x-72
f(x) = 12x24-80x+77
f(x) = 6x2458x+132
f(x) =3x2-14x

f(x) = 3x2+14x
f{x) = 6x*-26x

fi(x) = 6x2426x
£(x) = 3x2-8x-11
{x) = 12x2+32x-35
f'(x) = 12x2-40x+17
fi(x} = 12x2+8x-55
fi(x) = 12x24+40x+17
f'(x) = 6x2446x+80
f'(x) = 3x2+8x-11
£(x) = 6x2-2x-8
f'(x) = 6x2+2x-8
F'(x)=9x2+8x-17
T'(x) = 9x2+10x-16
f'(x) = 18x2+2x-20
f'(x) = 18x226x
{x) =27x2-30x-8
f'(x)=9x2-14x
f'(x) = 6x2+10x-4
f'(x) = 6x2+14x
T(x) = 3x2+16x+5
T'(x) = 18x2-14x
£'(x) = 6x2+10x-4
') = 18x2+10x-8
T'(x) = 9x2+14x
f'(x) = 18x2+14x
f(x) = 3x2+10x-8
f(x) = 12x2+32x45
F(x) =9x2+32x+23
f(x) = 18x2+26x
£'{x) = 18x2+50x+32
£(x)=27x2+30x-8
f'(x) = 27x2+30x-8
F'(x) = 18x24+34%-4
£'(x) =27%x2+30x-32
T(x) = 24x*-8x-130
f'(x) = 3x2-4x-4
f'(x) = 3x2-2x-8
(%) = 6x2-18x+12



CEHXREHXE = (X), ]
[THxpE+X6 = (%), J
STHRTE+XE= (%) ]
QE+HXQE+X9 = (%), §
PEHX9THA9 = (%), J
CTHXET+X9 = (X), §
QTHXOGHXLE = (%), ]
CI+XQzXLT = (%), ]
T1-XpT4+cXLT = (X), ¥
0T-XTT+XLT = (%), §
CEHXOP+XTT = (X), §
GHEPTHXTT = (%), J
8-Xg+ex0 = (¥}, J
L-¥g+zXTY = (%), ]
TTHXQT+NE = (%), §
QT +XPT+XE = (X), ]
0THXQTHEE = (X), ]
GIT+XQT+X6 = (), §
BHXTTHeX6 = (%), 3
PHXQ7+X6 = (), §
QT+XTT+X9 = (X), ]
TIHXQT+x9 = (%), 3
PP T+X9 = (X), §
GT+XpT+eEE = (X), J
QTP LT = (X), ]
LHHQEHXLT = (X), ]
G-¥XQ4+XLT = (X), ]
§-¥9-%L7 = (X), §
TTHYXZE+XTT = (%), §
SHXQTHXT] = (X), §
£-X¢l = (%), §
STHXPTHXE = (X), ]
B+X(] +XE = (%), 3
%g-¢Xg = (¥),]
§~¥Q+%/7 = (¥), ]
§-XG-XLT = (X), §
OI+XTH-eXLT = (X), ]
LAXQE-XLT = (%), §
£-X9T+X71 = (X),.§

_ £-2XZ1 = (X), J
S+X9T-7XZ1 = (X),J
EHRQT+XE = (%), ]

4 XQ+gXg = (X), §
$+X0T-2XE = (%), 3
0T-XTT-eXL7 = (%),
TT-%4g-7XLT = (X), ]
LT-X8+7Xg = (x), 3
EI+HXY7XLT = (%), ]
8T+X09-2XLT = (X), J
ST-X8+:X7T = (X), ]
LX8-7XTT = (X), ]
8-XT+:¥9 = (X), J
6HXPT-XTTL = (X), ]
TI+X81-c¥9 = (X), 3
€-XG+zXE = (X), J
8-XZ-Xg = (X). ]
P¥pHXE = (X), J
P-XpgXE = (X),J
P+X0T-2X6 = (¥), §
BHXTT2X6 = (%), §
9I+XGT-%6 = (X), J
0T+¥8T-cX6 = (%), ]

* X019 = (X), ]
PHEpL-%G = (X), J

GHEECHXGTHXE = (THXEHEHO(E+HY) = (X))
GXTTHXLT+XE = ([-XEHEHO(E+X) = (X)J
GI-XCT+XQT+eXE = (T-XENEHXHE+X) = (X))
LTHXGEHXGT+¢XT = (CHXTNEH(E+HY) = (X
GHXFTHEET+eXE = (I+xT)(E+x)(g+X) = (X}
GXTTHXTT+eXT = (I-XTHEHO(E+X) = (3]
SEXRTHXQE+XG = (THYENTHIENTHX) = (XY
THXET+XPTHeX6 = ([HXENHXENTHY) = (%))
THXT X[ +eX6 = ([-XEHT-XENTHX) = (%)}
$+HXQTX9+eX6 = (T-XENT-XE)(T+X) = (¥
BTHXEE+XOT+eXp = (EHXINE+XT(THY) = (X)F
THEGHXT [ ¥ = (T HXE)I+XZHTHY) = (XN
Y¥G-XheXT = (T-XNI+XTHTHY) = (X))
THXL-Xpey = (T-XEI-XgHT+0) = (O3 X
BI+X[THXB+eX = (EHO(EHNTHX) = (X)F »
TIHXQ T+ X = (THX)NEHNTHX) = (0
SHXQTHXP [ +eXE = (THRENTHNT+X) = (X))
PHXQUHXET +eXE = ([ +XENTHRNT+X) = (X)F
YX8+ X [4eXE = (T-XENTHXNTHX) = (%)}
§-Xp+HXQ [+XE = (T-XENTHXNTHX) = (0
TT+XQTHX T T+eXT = (EHXTHTHXNT+X) = (O
PHXTT+XG+eXT = (THXIUTHXNTHX) = (W)
Y XX L4XT = (P-XZ)+NTHX) = ()
TIHXO X ek = (CHXNTHENTHX) = (X))
PHXQT+X[ZT+eX6 = (THXENTHRENTHX) = (X))
THXLAXG[+cX6 = (JHXENTHXENT+X) = (X))
THXGgX X6 = ([-XE)([-XEHI+X) = (X)J
PHRG-XE%6 = (T-XENT-XENTHO) = (X)F
GHXTHEQ[+eXp = (E+XTHEHAT (I +X) = (X))
[HEXCHXB+eXp = (T+HXTNT+XZH(I+¥) = (X}
[H+xg-¥p = (Fxg)(1-xZH]+E) = (X
GHXG THeX L +eX = (HO(E+X)(1+¥) = ()]
PHXGHXCHX = (ZHX)(T+HO)([+X) = (¥)]
XX = (T-XNT-0O([+X) = (03
PX8-Xg+eX6 = (ZHXENTHXEN]-X) = (X)]
[-X$-cXE-¢X6 = ([+XEN[+XENT-X) = (¥)F
FXOT+XTT-¢%6 = (T-XENT-XENT-¥) = ()]
[-X[+eXGT-e¥%6 = (T-XE)I-XENT-X) = (X))
G- XE-(XG ¥y = (EHXTHEHXZNI-X) = (O
T-XE-gdf = ([+XH[+XTHT-X) = (D]
1-XGH+X8-eXp = (J-XTHT-XT)(1-¥) = (O
GXEHXGHX = (EHX)(g+)(1-¥) = (X)3
PrgXEeX = (THXNTHNI1-X) = (X
P-XG+XG-eX = (T-XNZ-X)NT-X) = (X))
8-X0T-:X9-¢¥6 = (T+XENTHXENT-X) = (X)]
TXTT-XT1-¢X6 = ([+XEHT+HXENT-X) = (X))
O-X[ [ ~g¥peXE = (EH)(IHXENT-X) = (X))
TXEY X T-eX6 = ([-XEUTHENT-X) = (X))
$-X8T+X0E-c%6 = (T-XENT-XENT-X) = (X))
BI-XGCT - X{pheXp = (E+XTNEHXTHT-X) = (X)]
TXL-XpeXp = (T+ED(IHXEHT-¥) = (X3
PX-X+e¥T = (ZHO(+HE)T-¥0) = (X
TXGFXL Xy = (I-XTNT-XTHT-X) = (X)
PXT[4+X6-6XT = (T-XN[-XTHT-X) = (X}
SI-XE-gXpteX = (gHO(g+XTX) = ()7
TIHXG-X-gX = (T-XNE+XNT-X) = (X))
§-Xp-gXZ+eX = (Z+X)N(CHNTX) = (X))
8HXp-XT~¢X = (T-XNTHXNTX) = (D]
SHXPHXQ [~ XE = (THRENT-XNT-X) = (X)F
PHEQHX ] [-eXE = (THXENTXNT-X) = (XN
$HOT+XE]-XE = (T-XENT-XNT¥) = (X
§-XOT+cXPeXE = (T-XENT-XNT-X) = (X}
TIHXp-XG-eXT = (gHXTNT-¥XNT-X) = (X}
PHXp+XL-XT = (THNT-XNT-¥) = (X))



Short List of Cubics with Rational Roots and Rational Turning Points
(The TPs with decimal fractions are messy and time consuming to display e.g. 3.7 s 319/,-)

#f(x)=(x-2)(Z+2)2x+1) = 2x3+x>-8x-4
#()=(x-2)(x+2)(2x-1) = 2x3-x3-8x-+4
) =(x-2)(x+3)(3x+1) = 3P +4x2-17%-6
SF(x)=(x-2)(x+3)(3x+2) = 3x3+5%>-16x-12
#(x)=(x-2)(2x+1)(3x-2) = 6x3-13x%+4
*(x)=(x-2}(2x+3)(3x42) = 6x3+x2-20x-12
#f(x)=(x-2)(3x-1)(3x+2) = Ox3-15:2-8x+4
H(R)=(x-2)(3x+2)(x+3) = 3x3+5x2-16x-12
#x)=(x- 1(x-2)(3x+2) = 3x3-7x2+4
#E)=(x-1)(x+3)(2x+1) = 2x3+5x>-4%-3
#O=(x-1)(x+3)(2x+3) = 2x3+7x>-9
#H(x)=(x-1)}(2x-1)(3x+1) = 6x>-Tx2+1
££(x)=(x-1)(2x+3)(3x+1) = 6x3+5x>-8x-3
BF(x)=(x+1)(x+2)(3%-2) = 3x3+Tx>-4
#f(R)=(x+1)(2x+1)(3%x-1) = 6x3+7x2-1
#f(X)=(x+2)x+3)(3x+1) = 3x3+16x2+23%x46
#f(x)=(x+2)(2x-1)(3x+2) = 6x*+13x>-4
#E)=(x-+2)N(2X+3)(3x+2) = 6x3+25x2+32x+12
#(x)=(x+2) (3x-2)(3x+1) = Ix3+15x2-8x-4
#f(x)=(x+3)(2x-1){3x+1) = 6:03+17x2-4x-3
#x)=(2x+3INx-2)3x+2) = 6x34+x2-20x-12

f'(x) = 6x2+2x-8
f'(x) = 6x2-2x-8
f(x) = 9x2+8x-17
£'(x) = 9x2+10x-16
f'(x) = 18x2-26x
f'(x) = 18x2+2x-20
f'(x) = 27x2-30x-8
f'(x) = 9x2+10x-16
f'(x) = 9x*-14x
f'(x) = 6x2+10x-4
f'(x) = 6x2+14x
f'(x) = 18x2-14x
£'(x) = 18x2+10x-8
fY{x) = 9x2+14x
£'(x) = 18x2+14x
f'(x) = 9x2+32x+23
f{x) = 18x2426x
f'(x) = 18x2+50x+32
£(x) = 27x2+30x-8
£(x) = 18x2+34x-4
£'(x) = 18x2+2x-20

TP : (1;-9),(-4/33.7)
TR : (4/3:-3.71),(-1,9)
TP :(1:-16), (-17/9:20.16 )
TP : ( 8/9;-20.17),(-2;16)
TP :(13/9:-5.05).,(0:4)
TP.:(1;-25),(-10/9;3.22)
TP : (4/3;-12),(~2/9:493)
TP : { 8/9;-20.17 ), (-2;16)
TP :(14/9;-1.65),(0;4)
TP : (1/3:-3.71),(-2;9)
TP :(0;-9),(-7/3%37)
T.P.: (7/9;-0.42}, (o:;1)
TP.: (4/9;-5.05),(-1:4)
TP :(0;-4),(-14/9;1.64)
TP :(0-1),(-7/9;041)
TP : (-1;-4),(-23/9;1.64)
TP :(0;-4),(-13/9;504)
TP :(-1;-1).(-16/9,0.41)
TP.: (2/9;-4.94 ), (-4/3;11.99)
TP : (1/9:-3.23),(-2:25)
TP, : ( 1;-25),(-10/9;3.22)






